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Let r be a rank 3 incidence geometry of points, lines and planes. This paper classifies all 
finite geometries r whose planes are affine, whose point residues are dual affine and which 
satisfy Condition 1: any two points of r are incident with at most one line. Such a geometry is 
necessarily isomorphic to the incidence structure obtained from any 3-dimensional affine space 
either by deleting a point and all lines and planes through that point or by deleting a direction 
of lines and all planes parallel to that direction. 
1. Introduction 
Let F be a rank 3 incidence geometry, assumed to be connected and firm in the 
sense of Buekenhout [l], the three types of elements being called points, lines 




where Af means affine plane and Af* dual affine plane. More explicitly the points 
and lines of F incident with a given plane are the points and lines of an affine 
plane, the lines and planes incident with a given point are the lines and points of 
an affine plane; moreover, any point incident with a given line is incident with all 
planes incident with that line. 
In this paper, such a geometry F will be called an (Af, Af*)-geometry. Note 
that, since F is connected and has connected residues (an affine plane and a dual 
affine plane are connected rank 2 geometries), F is strongly connected (see 
e.g. PI). 
Suppose further that F satisfies the following condition: 
Condition 1. Any two points of rare incident with at most one line. 
Then r may be seen as a set of points provided with distinguished subsets which 
are its lines and planes: this will be shown in Proposition 1 below. In order to 
prove it, we need the following lemma: 
Lemma 0. In an (Af, Af*)-geometry, Condition 1 i.r equivalent to its dual: 
0012-365X/90/$03.50 0 1990 - Elsevier Science Publishers B.V. (North-Holland) 
162 C. Lefevre-Percsy, L. Van Nypelseer 
Condition l*. Any two planes of r are incident with at most one line. 
Proof. It suffices to show that Condition 1 implies Condition l* (then, by duality, 
Condition l* implies Condition 1 trivially). Suppose that there are two distinct 
planes n, and nz incident with two distinct lines 1, and 12. If l1 and l2 are incident 
with a common point p, there are two planes nl and 7r2 on p which are incident 
with two lines l1 and l2 on p, contradicting the fact that the residue of p is a dual 
affine plane. If II and l2 have no common incident point, choose a point p1 on I1 
and a point p2 on 1,; as z1 (resp. 7r2) is an affine plane, there is a line incident with 
p1 and p2 in .7d1 (resp. n2). By Condition 1, these two lines are equal. This line 
p1p2 being incident with z1 and rr2, we are back to the first case: the planes JQ 
and n2 are both incident with two different lines 1, and pip2 on pl. 0 
Proposition 1. Let r be an (Af, Af*)-geometry satisfying Condition 1. Then r is 
isomorphic to the geometry of all points of rprovided with the set of O-shadows of 
all flags of r, ordered by inclusion. 
Proof. The O-shadow of a flag F of r is defined in [l] as the set of all points of r 
incident with F. Since the diagram of r is linear, the set of O-shadows of all flags 
of r coincides with the set of O-shadows of all elements of r (considered as single 
element flags). Thus, if we can show that two distinct elements of r have distinct 
O-shadows, we may identify the elements of r with their O-shadow and the 
incidence with ordinary inclusion. Two distinct lines of r have distinct O- 
shadows: this follows from the fact that two distinct lines are incident with at most 
one common point (Condition 1) and from the fact that the lines of r have at least 
two points (r is firm). Dually, using Condition l*, two distinct planes of r have 
distinct O-shadows. Finally, a line 1 and a plane n have distinct O-shadows: 
otherwise, there would be three noncollinear points a, b, c in n incident with 1, 
and so the points a and b would be incident with two distinct lines, namely the 
line 1 incident with c and the line ab in JG not incident with c, contradicting 
Condition 1. Cl 
Thanks to Proposition 1, we may now use expressions like “a point belongs to a 
line”, “a line is contained in a plane”, etc. We will say that two distinct points a 
and b of rare adjacent, (denoted by a - b) if there is a line of r on a and b ; this 
line (denoted by ab) is unique if Condition 1 is satisfied. The nonadjacency 
relation is denoted by 7~. Note that a point is always assumed to be nonadjacent 
to itself. 
2. Examples 
Consider any 3-dimensional affine space A. 
(1) Let 0 be a point of A. We will denote by Ao the geometry whose points 
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are the points of A different from 0 and whose lines (resp. planes) are the lines 
(resp. planes) of A not on 0. 
(2) Let D be a direction of lines of A, defined by a point m in the projective 
plane P at infinity of A. We will denote by A, the geometry whose points are all 
points of A, whose lines are the lines of A not in D and whose planes are the 
planes of A not parallel to D. 
Clearly, Ao and A, are (Af, Af*)-geometries satisfying Condition 1. By taking 
the quotient of Ao or A, by a suitable automorphism, we can get an 
(Af, Af*)-geometry which does not satisfy Condition 1. Here are two classes of 
examples constructed from a 3-dimensional affine space A over GF(q). 
(3) Let 0 be a point of A and let a be the dilatation of order q - 1 and center 
0. The quotient of Ao by (Y is the geometry whose points, lines and planes are 
the orbits of (Y on points, lines and planes of Ao, the incidence being induced by 
the incidence of Ao. It is easy to check that this quotient is an (Af, Af*)- 
geometry which does not satisfy Condition 1. 
(4) Similarly, the quotient of A, by a translation of order q and direction m 
gives rise to a new (Af, Af*)-geometry which does not satisfy Condition 1. 
The following class of examples is a generalization of (3): 
(5) The geometry whose points are the points of a projective plane P of order 
q, whose planes are all affine planes of order q contained in P and whose lines are 
all lines of these affine planes is also an (Af, Af*)-geometry which does not satisfy 
Condition 1 (except for q = 2, in which this example is of type (1) above). Note 
that, if P is Desarguesian, this geometry is isomorphic to one of type (3). 
3. The main result 
Theorem. Let r be an (Af, Af*)-geometry satisfying Condition 1. If r is finite, 
then r is isomorphic to one of the geometries Ao or A, defined above. 
We need the following property of finite (Af, Af*)-geometries: 
Lemma 1. There exists an integer q such that all planes of r are afine planes of 
order q and all point residues of r are dual afine planes of order q. 
Proof. Two intersecting planes 31 and rr’ of r have clearly the same order. Since 
r is strongly connected, it follows that two planes of r have the same order q. 
Consequently, in any plane n, there are q + 1 lines through any point. This 
means that all point residues of rare dual affine planes of order q. Cl 
The proof of our main result is based on properties of the nonadjacency 
relation + between the points of JY 
Lemma 2. + is an equivalence relation. 
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Proof. It suffices to show that + is transitive. Suppose, on the contrary, that 
there are three points a, b, c of r such that a - 6, a + c and b + c. 
Consider any plane IG on the line I = ab. Clearly, c is not in n, otherwise c -a 
and c - b. Let p be a point of JG - 1. We first prove that c +p. If c -p, then the 
three lines pa, pb and pc are three lines a, /I, y of the affine plane corresponding 
to the residue of p, such that a and /3 intersect (because pa and pb are coplanar in 
r); since the residue of p is a dual affine plane, y intersects at least one of the 
lines (Y and /I, and so pc is coplanar with at least one of the lines pa and pb; hence 
c is adjacent to a or b, contradicting the assumption. Thus we have shown that 
c +p for every point p of Ed which is not on 1. Applying the same argument to the 
three points a, p, c with a -p, a + c and p + c, we conclude that c is adjacent to 
no point of n (we shall denote this fact by c + n). 
Now, let x be an arbitrary point of I’. We shall prove that c +x, which is 
impossible, and so the lemma will be proved. Since I’is strongly connected, there 
exists a path of incident planes and lines 
such that x E z~. We have seen that c + z,,; in particular, c is adjacent to no point 
of f, (we will denote this fact by c + lo). By applying the above argument to the 
line lo and the plane nl on I,,, we get c -f- rrl. After a finite number of steps, this 
process yields c + Ed,, and so c +-x. 0 
We shall now study the cardinality of the equivalence classes of the nonad- 
jacency relation -f . 
Lemma 3. All equivalence classes of + have the same cardinal@ k = v - q3 + q, 
where v is the total number of points of lY 
Proof. Since the residue of any point of r is a dual affine plane of order q and 
since each line of r has q points, any point of r is adjacent to exactly 
(q - l)(q’ + q) = q3 - q points. Hence, each point p is nonadjacent to v - q3 + q 
points (including the point p itself). 0 
Lemma 4. k s q. 
Proof. Let C be an equivalence class of nonadjacent points. Take a point p 4 C. 
Clearly, the lines px, where x E C, are pairwise non-coplanar. In the residue of p, 
these lines through p form a set of pairwise parallel lines, and so there are at most 
q of them. 
Notations. If p is a point of r, we will denote by C(p) the equivalence class of p 
for the relation + . Let P,(p), P,(p), . . . , P,+l(p) be the classes of parallel lines 
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in the residue of p. We will denote by &(p) the union of C(p) and of all points 
on the lines of r belonging to e(p). Note that I&(p)1 = k + q(q - 1). 
Lemma 5. For every point p’ E S,(p) with p’ -p, there exists an index j E 
(1, . . * , q + l} such that Sj(p’) = S,(p). 
Proof. In the residue of p’, let Pj(p’) be the class of parallel lines which contains 
the line pp’. Since lSi(p)l = ISj(p’)I, t i su ffi ces to show that Si(p) G Sj(p’). Let x 
be any point of S,(p). If x -p’, the line p’x is not coplanar with the line p’p; in 
other words, p’x me and so x eSj(p’). If x +p’, then x eSj(p’) by 
definition. 0 
Lemma6. kaq-1. 
Proof. S,(p) contains q2 - q + k points. By Lemma 5, for every point p’ E 
S,(p) - C(p), the equivalence class C(p’) is contained in S,(p). Therefore, S,(p) 
is partitioned into (q2 - q + k)/k equivalence classes of size k. 
Now take a point r $ S,(p). To each equivalence class C(pJ contained in S,(p) 
is associated a class of parallel lines q(r) in the residue of r: S(r) is the unique 
class containing all the lines joining r to the points of C(pI). Note that two 
distinct classes C(pl) and C(p2) in S,(p) determine two distinct classes of parallel 
points in the residue of r: indeed, if the two parallel classes corresponding to 
C(p,) and C(p2) in the residue of p were equal, then the lines rp, and rp, would 
not be coplanar, and so the lines plr and p1p2 would not be coplanar either; since 
at least one of the points p1 and p2 is adjacent to p, say pl, we may apply Lemma 
5 and conclude that r E Sj(pl) = Si(p), a contradiction. 
It follows that there are at least (q* - q + k)/k classes of parallel points in the 
residue of r. On the other hand, there are exactly q + 1 such classes. Therefore, 
(q2 - q + k)/k < q + 1, which yields k > q - 1. 0 
Corollary 1. We have either k = q and v = q3, or k = q - 1 and v = q3 - 1. 
This is an immediate consequence of Lemma 3, 4 and 6. 0 
We shall now embed r into a geometry r which will be the desired 
3-dimensional affine space. 
Definition. Let r be the geometry defined as follows: 
(a) The O-elements of r are the points of I’ if k = q or the points of r together 
with an ideal point e whenever k = q - 1. 
(b) The l-elements of f are the lines of r and the classes C(p) of points of r 
(called ideal lines of I=‘). 
(c) The 2-elements of r are the planes of r and the sets S,(p) of points of r 
(called ideal planes off). 
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(d) The incidence between the elements of r is simply the inclusion between 
the corresponding sets of points of r, except that the ideal point e is declared to 
be incident with all ideal lines and all ideal planes. 
It is trivial that the O-elements and l-elements of r form a regular linear space 
2, i.e. there exist two distinct l-elements of r, any two O-elements of i= are 
incident with exactly one l-element of r and any l-element of p is incident with a 
same number q 3 2 of O-elements. The planes of r (i.e. the nonideal planes of r) 
are obviously linear subspaces of 9. 
Lemma 7. The ideal planes of r are linear subspaces of R 
Proof. Let p1 and p2 be two points in S,(p). If p1 and p2 are both in C(p), then 
the unique line of 9 through p1 and p2 is C(p), which is contained in S,(p). If 
one of the two points is adjacent to p (say p1 -p), then, by Lemma 5, the line of 
9 through p1 and p2 is in S,(pJ = S,(p) and the lemma is proved. Cl 
We are now able to give the proof of the Theorem. 
Proof of the theorem. For every point p of r, the residue of p in r is obtained 
from its residue in r by adding exactly one point (the ideal line C(p)) and exactly 
q + 1 lines (the q + 1 ideal planes St(p) corresponding to the q + 1 classes of 
parallel points in the residue of p in I’). Thus the residue of p in r is a projective 
plane. 
Suppose now that r contains an ideal point e, i.e. suppose that k = q - 1. The 
residue of e in F has q2 + q + 1 points (the q3 - 1 points of r are partitioned by 
the classes C(p) of cardinality q - 1). Moreover, an ideal plane S,(p) contains 
q + 1 ideals lines (because the q2 - 1 points of S,(p) are partitioned into 
nonadjacency classes of q - 1 points). Finally, through an ideal line C(p), there 
are exactly q + 1 ideal planes (corresponding to the q + 1 parallel classes e(p) in 
the residue of p in r). Therefore, the residue of e in r is a set of q2 + q + 1 points 
provided with distinguished subsets of q + 1 points such that, through every 
point, there are q + 1 distinguished subsets having no other points in common; it 
follows that the residue of e in r is a projective plane of order q. 
By a result of Doyen and Hubaut [3, Theorem 21, we may conclude that Tis an 
affine space A (the projective and Lobachewsky cases in [3] are impossible 
because r contains affine planes, namely the planes of r). It follows that r is 
isomorphic to Ao or A, and the theorem is proved. 0 
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